TORSION-FREE AND DIVISIBLE MODULES OVER MATRIX RINGS DAVID R. STONE
A short exact sequence 0->K-+F->E->0of left modules over a ring A is 1-pure if aK = K n aF for all ae A, and pure if for any right ^4-module M, the map M®K-*M®F is injective. A module E is torsion free (flattori) if its presence on the right forces 1-purity, and flat if it forces purity. Similarly, we have on the left the notions of divisibility (Hattori) and absolute purity. Considering the functor E -> E n taking ^4-modules to modules over the matrix ring M n (A), a sequence is called n-pure if its image under this functor is 1-pure n-torsion-free and n-divisible modules are similarly defined. It is shown that purity, flatness, and absolute purity, respectively, are equivalent to the requirement that ^-purity, %-tor sion-f reeness, and ^-divisibility should hold for all n, -divisibility and absolute purity are preserved under direct sums, products and certain inductive limits w-torsion-freeness and flatness under direct sums and inductive limits, but not products. A condition is given guaranteeing that products of at most a given cardinality preserve %-torsion-freeness. It is shown that if every left ideal of A is generated by at most n elements, then %-torsion-freeness is equivalent to flatness. The behavior of these properties under localization is studied, and it is shown that if A is locally a domain then the two notions of purity agree if and only if w. gl. dim. (A) ^ 1.
A will always denote a ring with identity all modules will be unitary and left modules unless otherwise stated. If no confusion can arise F®E will mean F® A E; similarly for Horn (F, E) , Tor m (F, E) , and Ext w (,P, E).
1* Matrices. For a positive integer n, let M n (A) denote the ring of n x n matrices over A (we shall sometimes use B = M n {A) for convenience of notation) and MJE) the left M n (A)-module of n x n matrices over E, where scalar multiplication looks like usual matrix multiplication. Let e i:i eM n (A) be the matrix having 1 in the (i,j) position and zeros elsewhere.
When considering E n as a left Λf w (A)-module, it is convenient to think of the elements as "column vectors", so we will denote an ntuple of E n as (x 19 x 2 , •• 9 x n ) f f the prime denoting transpose. Note that MJfi) is a direct sum (as M n (A)-modules) of n copies of E n .
DAVID R. STONE
The well-known theorem of Morita states that the category of left A-modules is category isomorphic to the category of left M n (A)-modules by the (exact) functor E-+E n .
(The inverse functor is M->e n Mfor Ma left Λf % (A)-module. The A-modules e«Af, i = 1, n, are all isomorphic and M= (e n M) n by the map x-+ (e n (e n x), e n (e 12 x), • * β > βu(βi» x)Y Also for E a left ^.-module, E~e n E n .)
The following result is thus obvious. PROPOSITION [5] . In [19] , Warfield uses " RDpure" for our "1-pure".) Every pure exact sequence is clearly 1-pure. Note that it is sufficient to consider only finitely generated (presented) modules G in the definition of pure, since any module is a direct limit of finitely generated (presented) modules and tensor products commute with direct limits. Proof. First suppose that (*) is pure and let n be a positive integer, G a right
E is an ίnjective left A-module if and only if E n is an injective left M n (A)-module (if and only if M n (E) is an injective left M n (A)-module
Conversely, we must show that G®iΓ->G(g) F is an injection for any finitely presented right ^4-module G. However, for such a G there exist free right A-modules F 2 (on n generators) and F 1 (on m generators), with n > m, such that F 2 -^F 1^G -^0 is exact. Let 6 be the m x n matrix associated with the homomorphism τ, and let M m , n (A) be the right M n (A)-module oί m x n matrices. Now The π-purity of (*) yields the injectivity of the lower map and thus of the upper map. Hence That is, purity of an A-submodule is equivalent to purity of the equivalent ikf % (A)-submodule. We shall see that the same cannot be said of 1-purity.
This corollary also says that if 0 -> K m -> F m -> E m -> 0 is pure for some m ^ 1, it is pure for every m ^ 1.
For a group G, let M(G) denote the set of infinite matrices over G which are eventually zero except for a constant down the diagonal. 
A left A-module P is said to be RD-projective (pure-projective) if for any 1-pure (pure) exact sequence (*) of left A-modules, the induced map Horn (P, F) -• Horn (P, E) is a sur jection. Every RD- projective module is pure-projective.
Warfield has shown in [19] (where he defines the notion) that a module is iϋD-projective if and only if it is a direct summand of a direct sum of cyclically presented modules (after Kaplansky [14] , we shall call an A-module cyclically presented if it is of the form A/Aa for some αei), and that a module is pure-projective if and only if it is a summand of a direct sum of finitely presented modules. In particular, any finitely presented module is pure-projective. The following result was suggested by Warfield. 
For example, Warfield has shown in [19] that if A is a valuation ring then condition (b) is satisfied. This leads us to localization.
If S is a multiplicatively closed subset of the center of A (with 0 ί S, 1 6 S), let S" 1 A denote the ring of fractions of A having elements of S as denominators and S~λE the S ^A-module of fractions of E. (In particular, if S is the complement of a maximal ideal ^fί of A we employ the usual notation: S^A = A^> and S~ιE = E^.) Since the center of A is also the center of M n (A) f we can form the ring of fractions S~ιM n {A). It is easy to check that the map (a i:j )/s~* (ajs) from S"
as modules over this ring. Proof. Let ^ be a maximal ideal. If (*) is l-pure, then 0-• K y/ -> E^ -> F^t -• 0 is l-pure by the lemma, with S = A -^. And if (*) is pure, then it is n-pure for every n ^ 1, so again by the lemma, 0 -• K^ -> F^ -> E^ -• 0 is ^-pure for every n ^ 1 and thus pure by Theorem 2.2.
The proofs of sufficiency follow easily, since
G®K-*G&) F is an injection if and only if (G (g) K)^ -• (G ® F)^ is an injection for every Λ€ and since S~γ commutes with tensor products.
Hence if A is commutative, every l-pure extension of A-modules is pure if and only if for every maximal ideal ^^, every l-pure extension of A^-modules is pure. (For the demonstration of this, recall that if C is an A^-module then C can also be considered an A-module and C^r = C as A^-modules.) Thus when investigating the equivalence of l-pure and pure, one may assume that A is local. Proof. Endo has shown in [7] that w. gl. dim. (A) ^ 1 if and only if each A^ is a valuation ring.
Warfield has shown in [19] that the converse is true if A is a commutative integral domain.
3* Torsion-free and flat modules* For aeA, let r (a) denote the right annihilator ideal of a in A. After Hattori [11] we say that a left A-module E is torsion-free if whenever aeA, xe E and ax = 0, then x e r (a) E. That is, E is torsion-free if whenever ax = 0 we can write x = Σ? =ί b t y t with each y t e E, biβ A, and ab { = 0. This definition agrees with the usual one if A is an integral domain, for in this case r (a) = 0. Hattori obtained the following characterization [11] . PROPOSITION Proof, (c) => (b) since there always exists an exact sequence (*) with F free. Consider the above proposition and the exact sequence Then E is torsion-free if and only if m and n are relatively prime.
E is torsion-free if and only if
We shall call E n-torsion-free if E n is a torsion-free M n (A)m odule. Note that a free module is w-torsion-free for all n ^ 1 and that the direct sum of a family of ^L-modules is ^-torsion-free if and only if each is ^-torsion-free. We obtain an easily-proven result analogous to the one above. PROPOSITION 
For a left A-module E, the following are equivalent. (a) E is n-torsion-free. (b)
There exists an n-pure extension (*) with F n-torsion-free.
Recalling that if n ^ m then an %-pure extension is m-pure, we have COROLLARY 3.4. // n ^ m, an n-torsion-free module is mtorsion-free.
Another similar well-known result follows from the definitions of flat and pure. Actually we need not require a square scalar matrix that is, we could let i = 1, , r and j = 1, , s for any r, s ^ n. Using this and Theorem 3.8, Chase's criterion for flatness [4, Proposition 1.2 (c) ] is easily derived.
The following proposition is a direct generalization of the fact that over a principal ideal ring every torsion-free module is flat. PROPOSITION 3.9 . // every finitely generated right ideal of A is generated by at most n elements, then any n-torsion-free left Amodule is flat.
Proof. Let E be an ^-torsion-free left ^.-module. To show E flat, it suffices to show Szf (&E-+A(g)E = E is an injection for Jâ ny finitely generated right ideal. By hypothesis, J^ = a^A + a 2 A + + a n A, so if z e Jϊf 0 E we can write z -Σ?=i By the proposition, E is a flat A-module, so by Corollary 3.6, E n ~ M is a flat Af w (A)-module. Considering the "other side" of the tensor product, we have the following similarly proven result. PROPOSITION 
If a left A-module is generated by no more than n elements and is n-torsion-free, then it is flat.
In particular, any cyclic torsion-free module or any torsion-free principal ideal is flat.
C. U. Jensen [13] has proved the following proposition for the case where A has no zero divisors, but his proof can be easily adapted to our more general situation. PROPOSITION 
A torsion-free left A-module E is flat if and only if for all (finitely generated) right ideals U and V we have (UΓ\ V)E = UEf) VE.
We would like to have a similar criterion telling when a torsionfree module is ^-torsion-free, but we have only been able to show that if E is 2^-torsion-free then (Z/fl V)E = UEftVE for [7 and V right ideals which are generated by at most n elements. [3] , Chapter VIII, Exercise 10). Then A is a local domain having maximal ideal the set of power series of order at least two. This maximal ideal is generated by X 2 and X 3 , so if it were 2-torsion-free it would be flat, hence free (since A is local). Since it is not free, this gives another example of a torsion-free module which is not 2-torsion-free.
Note that these examples show that we cannot replace "pure" by "1-pure" in Corollary 2.4.
Unfortunately, we do not yet have an example of a module which is 2-torsion-free but not 3-torsion-free, so it is conceivable that 2-torsion-free may be equivalent to flat.
If / : A -> C is a homomorphism of rings and E a left C-module r then C and E can be made into left A-modules. If C is an ^-torsion free A-module and E an ^-torsion-free C-module, then E is an ntorsion-free A-module.
As is shown by the following example 9 however, the converse is not true, even for the specialized case where n = 1, C = M 2 (A), and / : A -• M 2 (A) is the canonical imbedding.
EXAMPLE. Let Z be the ring of integers, let p and q be two inequivalent primes of Z and let Szf be the principal left ideal of M 2 {Z) generated by a = (% g\ Let E = M 2 (Z)/JV. Then E is torsion-free (hence flat) as a Z-module but not as an M 2 (Z)-module.
Localization. If S is a multiplicative subset of the center of A and E a torsion-free left A-module, then S" 1 !? is a torsion-free left S-'A-module. Thus, since M n (-) and E n commute with S~\ if E is ^-torsion-free (flat) so is S~λE. We want to show the "converse". First we need some notation and preliminaries.
Let 
> S~1(Ύort(A/J^1 E)) > S~ι(J*f <g) A E) > S-'E.
LEMMA 3.14.
If F is a right M % (A)-module, E a left M n (A)-module, then S-^Ftgts E) ~ S-'Fζ&D S^E as S~ιA-moduUs. (Note that on the left we are considering S C.A, and on the right, S C M n (A)-)
Proof. The S^A-linear map S~'F (g) ΰ S~Έ -> S-^F (g) 5 E) taking xjs®ylt-+ x0y/st has as inverse the map x® yfs -> 1/s (x/ LEMMA 3.
If szf is a right ideal of M n (A) and E a left M n (A)-module, then S-1 CΓoτ?(M n (A)fj#', E)) ~ Tor? (S~1M n (A)/S~1J^, S-'E).
Proof. Similar to the proof of Lemma 3.13, but use Lemma 3.14.
THEOREM 3.16. Let Abe a commutative ring and E an A-module. Then E is n-torsion-free if and only if E^ is an n-torsion-free A^-module for every maximal ideal ^/£ of A.
Proof. Only the sufficiency requires proof. First let n = l. Let ae A, let ^t be a maximal ideal of A and S = A-Λί. Then S-1 (Tori (AlaA, E)) ^ Torf^ (A^/αA^, E^) by Lemma 3.13; if E^ is assumed torsion-free this last group equals zero. Letting ^// range through the set of maximal ideals A, Torf (A/aA, E) = 0, so E is torsion-free. For n > 1 the proof is the same but uses Lemma 3.15.
COROLLARY 3.17. E is flat if and only if E^ is flat for every
Hence every torsion-free A-module is flat if and only if for every maximal ideal ^, every torsion-free A^-module is flat.
If A is commutative and w.gl.dim. A ^ 1, we have shown that the notions of 1-pure and pure coincide, so by Proposition 3.2 and Proposition 3.5, the notions of torsion-free and flat also coincide. Inductive limits. Let I be a directed set and let (A i9 Φ 3i ) be an inductive system of rings. For each ie I, let 23i be a left A r module such that (E i9 f 3i ) is an inductive system of modules and such that if i<Lj, XieEt, ate An then /^(α* x t ) = Φjiia^f^Xi). Then E= linuE { can be made into a left module over A = lim_ A* (see [1] ). Let /<: Eι -* E and Φι: Ai~> A denote the canonical maps. Note that if n ^ 1 then linu M n (A*) = M n (linu A*) as rings and linu E* = (linu Ei) n as modules over this ring. THEOREM 
If each E t is an n-torsion-free Ai-module, then E is an n-torsion-free A-module.
Proof. By the above remark, it suffices to prove the theorem for n = 1. Let aeA and let kel be such that Φ k (a k ) = a for some a k eA k .
Let J -{ie I\i ^ k}. Then J is cofinal in I so inductive limits over J are the same as over /. There is a family ((&<)< e j such that Φ όi {ai) = a 3 -if i ^ j and Φ { (α<) = α for every ieJ.
Then it is easy to show that a linu A 4 = linu α^ A* as A-modules and hence (since tensor products commute with inductive limits)
Tori (A/aA, E) = linu Tor^ (AJa^, E ζ ). Since each A< is assumed to be torsion-free over A i9 Tori (A/aA, E) = lim^ 0 = 0, so E is torsion-free.
An interesting example of this is obtained by fixing A and E and taking the inductive limit over the positive integers: (a) E is flat.
Thus(b) follows from the preceding theorem.
(b) <=* (c). is torsion-free and obtain elements from E and A which yield the desired linear relations.
Recall the definitions of M(A), M(E) and E {N) .
It can be similarly shown that E is flat (over A) if and only if M(E) (respectively E {N) ) is torsion-free (over M{A)).
Direct products. Although arbitrary direct sums of torsion-free modules are torsion-free, this is not true of direct products, as is shown by the following example.
EXAMPLE. Let K be a commutative field and V a vector space over K with a countably infinite base. Let A be the ring K x V with addition componentwise and multiplication defined by (a, x) (δ> v) = (αί>> ay + bx) for α, b e K and x, y e V. Note that as an ideal of A, V cannot be finitely generated, and that if x e V the annihilator of x in A is V. Then it is easy to show that the direct product of a countably infinite number of copies of A is not a torsion-free Amodule.
Hattori has shown [11] that for a ring A, arbitrary products of torsion-free left A-modules are torsion-free if and only if r (α) is a finitely generated right ideal for every ae A. Our next proposition is a refinement of this result. First however, we make a definition.
Let ζ be an infinite cardinal number. A right idea] sxf of A is said to have property (F, ζ) if for any right ideal V C ^f which is generated by a set of cardinality at most ζ there is a finitely generated right ideal C such that 7CCC«^. Note that sx? has property (F, ζ) for every infinite cardinal ζ if and only if j^ is finitely generated. which has cardinality at most ζ. Since 7C,(a), which is assumed to have property (F, ζ), V must be contained in a finitely generated ideal C = M-+ + A similar result holds for π-torsion-free modules: ζ-size products of π-torsion-free A-modules are ^-torsion-free if and only if r (a) satisfies property (F, ζ) for every a in M n (A).
It can also be shown, using a diagonalization argument similar to Hattori's [11, Proposition 8] , that arbitrary products of ^-torsionfree left A-modules are ^-torsion-free if and only if r (a) is a finitely generated right ideal of M n (A) for every a in M n {A).
EXAMPLE. We conclude this section with an example of a ring in which every r (a) has property (F, ω) but not all r (α) are finitely generated, where ω is the cardinality of Z. Hence over this ring countable products of torsion-free modules are torsion-free.
Let I be an uncountably infinite set and for each iel let Kι be C is a commutative ring with identity which satisfies the above claim.
Since we have two rings involved, we use the notation rA (a) (respectively rC (a)) to denote the annihilator ideal of a in A (respectively in C). Note that if a e A then rA (a) is a principal ideal. It then follows that if αei-F or 6G 7 then r0 (α, 6 + F) is principal, and that if ae V and 6 6 A-F then rC (α, b + F) = r0 (α, 1 + F) = F α x E where y α = rA (a) Π ^ The ideal V a x E is not finitely generated but it does satisfy property (F, ω). 4* Divisible and absolutely pure modules* For ae A, let l(a) denote the left annihilator ideal of α in i. In the same paper already referred to [11] , Hattori has defined a left A-module K to be divisible if whenever ae A,xeE and l(a)x = 0, then x e aK. That is, K is divisible if and only if aK = {xe K \ I (α)C Ann^(^)}. Hattori has also noted that K is divisible if and only if Ext 1 (A/Aa, K) = 0 for every ae A. Thus every injective module is divisible and direct sums and products of divisible modules are divisible. Dual to the results of the previous section, we have the following definitions and propositions. PROPOSITION 
Proof. Use Proposition 2.1.
COROLLARY 4.5. if is n-divisible if and only if 0-*K~+I(K)-+E->Q
is n-pure.
COROLLARY 4.6. A submodule K of an n-divisible module F is n-divisible if and only if (*) is n-pure.
After B. H. Maddox [17 and 18] we call K absolutely pure if it is a pure submodule of every module in which it can be imbedded. That is, K is absolutely pure if and only if every extension (*) is pure. Maddox has shown that any injective module is absolutely pure and that any pure submodule of an injective module is absolutely pure. Thus, since K is pure in I(K) if and only if K n is pure in I{K) n (which is injective), we see that K is an absolutely pure A-module if and only if K n is an absolutely pure M w (A)-module. Note that an absolutely pure module is divisible. THEOREM 
A left A-module K is absolutely pure if and only if it is n-divisible for every n^l.
Proof. If K is absolutely pure, then for every n ^ 1, K n is absolutely pure, hence divisible.
Conversely, if K is ^-divisible for every % ί^ 1, then 0~>K-* I(K) ->E->0 is w-pure for every n ^ 1, hence pure (by Theorem 2. 2) so K is pure in I{K), or K is absolutely pure. (Note that the only property of divisibility used in this proof is that KφH is divisible if and only if K and H are divisible. Hence we can prove the proposition for any property satisfying this condition.)
Hattori has shown in [11] (Surprisingly, the converse is true; that is, if M n (A) is left PP for every n ^ 1 then A is left semi-hereditary. This can be seen by using [16, Corollary 2.3] .) Hence if A is left semi-hereditary, quotients and finite sums of absolutely pure left A-modules are absolutely pure, and by one of Maddox' theorems, every left A-module has a unique maximal absolutely pure submodule. We do not know whether any of these imply that A is left semi-hereditary.
A classical theorem says that if A is an integral domain then a torsion-free module is injective if and only if it is divisible. We conclude with an example due to Maddox which shows that this result does not hold in our more general setting.
EXAMPLE.
For ieN> the set of positive integers, let Ai = Z/4Z; then let A = ILe^-A* an d E = ξ& ieN Ai. E is an A-module which is flat and absolutely pure, hence torsion-free and divisible, but E is not injective.
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